
Homework Assignment 2

BSTA 101

Due on September 24, 2021

Show your work. More generally, justify your answers. Write legibly and
succinctly. Write grammatically, i.e., write complete sentences, check spelling,
etc.

1. We have been using Bernoulli random variables to represent coin tosses,
for which the sample space is Ω = {heads, tails}. But, strictly speak-
ing, a Bernoulli random variable takes a value in {0, 1}, not a value in
{heads, tails}. What have we been hiding in our use of a Bernoulli random
variable to represent a coin toss? How does this pave the way for using
the Bernoulli distribution to represent other random binary phenomena?

2. Is a coin toss actually random? Explain.

3. Suppose you are given data you suspect conform to the simple linear
regression model,

Yi = β0 + β1xi + εi (i = 1, . . . , n),

where ε ∼ Normal(0, σ2I).

(a) Suppose you test the hypothesis H0 : β1 = 0 and fail to reject H0.
State the “true” model for your data, assuming the residuals pass
the usual diagnostics.

(b) What is the maximum likelihood estimator of EY for the “true”
model? Why is this estimator different from the estimator of β0
given in the notes?

(c) Why did I put the word ‘true’ in quotes above?

4. Let Y1, . . . , Yn be iid Normal(µ, σ2) random variables.

(a) Find the maximum likelihood estimator of the 0.975 quantile.

(b) Find the maximum likelihood estimate of the 0.975 quantile for the
sample: 11.7, 12.3, 11.8.

(c) Graph the Normal(µ̂, σ̂2) probability density function, where µ̂ and
σ̂2 are the MLEs of µ and σ2, respectively, for the sample given in
(b).
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5. Why do we usually need a computer to find a maximum likelihood esti-
mate, even for a small sample?

6. Consider the sample given below.

Response Yi Covariate xi
Y1 = 3.47 x1 = 0.92
Y2 = 3.89 x2 = 0.95
Y3 = 0.31 x3 = 0.08
Y4 = 0.27 x4 = 0.08
Y5 = 0.77 x5 = 0.20

Fit to these data the simple linear regression model

Yi = βxi + εi,

where Eεi = 0 and the errors are independent. Do the regression “by
hand,” using a calculator. You may not use a computer. If your calculator
offers a function to do linear regression, do not use that function.

(a) Find µ̂ = PxY , where Px denotes the orthogonal projection onto x.

(b) Find β̂.

(c) Calculate an approximate 95% confidence interval for β. Interpret
the interval. (Does the interval contain 0? If the interval contains 0,
what does that mean? If the interval does not contain 0, what does
that mean?)

(d) Suppose Y6 is a new observation from the model, and let x6 be the
value of the covariate for Y6. Find the maximum likelihood estimator
of µ(x6) = EY6 = βx6.

(e) Plot the residuals versus the fitted values, i.e., plot e = Y − µ̂ versus
µ̂. If the model assumptions are met, what should be true of this
plot (in general)?
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